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Recent work by Y. Matsuo and the presentauthor is summarized. It is shown that,
classically,theconformalTodaequationsassociatedwith thesimplelie algebrasA~ sl(n +
1) follow from the embeddingof particular 2D surfacesin CPA. SincetheseToda theories
provide Noetherrealizationsof W-symmetries,this gives the geometricalinterpretationof
the correspondingtwo-dimensionalphysics.
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1. Introduction

In manyways,W-algebrasarenaturalgeneralizationsof the Virasoroalgebra.
Theywerefirst introducedasconsistentoperatoralgebrasinvolving operatorsof

spinshigherthan two [31.Moreover,the Virasoroalgebrais intrinsically related
with theLiouville theorywhich is the Todatheoryassociatedwith the Lie algebra

A1, and this relationshipextendsto W-algebraswhich are in correspondence
with the family of conformalTodasystemsassociatedwith arbitrarysimpleLie
algebras[4]. Anotherpoint isthatthe deepconnectionbetweenVirasoroalgebra
andKdV hierarchyhasanaturalextension[51to W-algebrasandhigherKdV
(KP) hierarchies[6,7].

On the otherhand,W-symmetriesexhibitstrikingly novel features.First, they
arebasicallynon-linearalgebras.Sincethe transformationlaws of primaryfields
containhigherderivatives,productsof primariesarenot primariesat the clas-
sical level. Naive tensorproductsof commutingrepresentationsdo not form
representations.A related novel feature is that W-algebrasgeneralizethe dif-

feomorphismsof the circle by including derivativesof degreehigher thanone.
Goingbeyondlinearapproximation (tangentspace)is a highly non-trivial step.
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Takinghigherorderderivativeschangesthe shapeof theworld-sheetin the target

space,thus W-geometryshouldbe relatedto the extrinsicgeometryof the em-
bedding.Finally, Virasoroalgebrasare notoriouslyrelatedto Riemannsurfaces.
The W-generalizationof the latter noti&n is a fascinatingproblem.

From the viewpoint of two-dimensional(2D) physics,the Liouville theory
arisesfrom 2D gravity in the conformalgauge.Its Todageneralizationsshould
be relatedsimilarly to what is calledW-gravity, a theorywhich is far from being
understoodsinceits only known in specialgauges.Thesenotesdescribethe geo-
metricalmeaningof theTodatheoriesassociatedwith A~ sl(n + 1), following
refs. [I ,21~to which we referfor details.It will beshownthat the Todaequations
arisefrom the extrinsicgeometryof chiral surfacesin n-dimensionalcomplex
projectivespaces.This is a first step towardsthe geometricalunderstandingof
W-gravity and W-symmetries.Moreover,the Toda equationsare part of the
Todahierarchy,andwe will obtain ageometricalinterpretationof the latter as
well.

2. Geometryof chiral surfaces

2.1. CHIRAL EMBEDDINGS

Thebasicobjectsare two-dimensionalsurfacesin Kähler manifolds.We shall
only considerC~hereexplicitly. ThecaseofCP°is treatedby usinghomogeneous
coordinatesin C’~ Wecall z and~ the surfaceparameters.Onemaythink ofz
asanordinarycomplexnumber,in whichcasethe parametrizationis Euclidean,
and~ is the complexconjugateof z; or take z and~ to be real, in which case
x0 (z + ~)/2, and x~ (z — ~)/2 arecoordinatesof the Minkowski type.
The adjectivechiral meansfunctionof asinglevariable zor~(if z is a complex
variablethis is equivalentto analyticor anti-analytic).We parametrizeC’~by

coordinatesXA, ~A 1 < A, A < n. A chirat embeddingis definedby equations

of the form

XA = fA(z) A = 1

= 7A(~) A = 1 n, (2.1)

wheref andf arearbitrary functions.We call a W-surfacethe corresponding
manifold X. We shall seethat its extrinsicgeometryis directly related to W-
transformations.It is convenientto introducethe matrix of inner products:

gjj- ~ f(l)A(7)f(3)A(~) 1 < i,j < n. (2.2)

We use3 and0 asshorthandfor 0/Oz and3/3~,respectively.f(t)A standsfor

(3)1f A and f ~ standsfor (3)3f~’~.Later on we shall exhibit a particular

parametrizationof C°,called W-parametrization,wherethe derivativeswith i
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or j largerthanonewill be replacedby first order derivativesin othervariables,
so that the covariancepropertiesof the presentdiscussionwill becomemore
transparent.This sectionis concernedwith generic regular pointsof ~ where
the Taylor expansionsof fA andf A give linearly independentvectors. Then
f(a) andf ~, a = 1 n, spanthe following

Definition 1. Movingframe in Ce?. Considerthe vectorsea, andë0,a = 1,. . .,

with components

g1

e~= 1 , e~= 0, (2.3)
~/4az1a_i g1—1 ... g—j

f(l)A . . . f(a)A

g11

= 0 e” = 1 , (2.4)
a a \/4aAa_I g~~1... ~

7(I)A . . .

where
4a is the determinant

g
11 •..

4a~ . (2.5)

g~~—... g~—

Onemay verify that the moving framedefinedaboveis orthonormal,that is,

(ea,eb) = (~a,~b)= 0, (ea,~b) = ôa,b. (2.6)

The vectorse andë~are tangentsto the surface,while the othervectors are
clearlynormals.Thusthe Gauss—Codazziequationsmay bederivedby studying
their derivativesalongthe W-surfaceX. Onederivesequationsof the form

3e0 = ~wzbaeb, 8e0 =

Dea = ~1~aeb, 0~a= ~ (2.7)
b b

which may be regardedas generalizedFrenet—Serretformulae.Next we recall
the

Definition 2. CP~targetspace.The complexprojectivespaceC’~is definedto be
the quotientof the spaceC~~’by the equivalencerelation

X Y, if X’
1 = yA~(y) and = yA~(y) (2.8)

wherep and~ arearbitraryfunctionsof n + 1 variables.
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Thus,the modification whengoingfrom C’~to CP~is to usen + 1 coordinates,

so that now A and~Trun from 0 to n, andto write formulaethat arecovariant
under rescaling.This is achievedby letting the indices of the matrix g17 run
from 0 to n in the CP°formulaefor the moving frame. For this one includes

derivativesof order0. Our basicresult is the following:

Theorem 1. Gauss—Codazziequations.DefineTodafieldsby

goo g~o

(/)a = 1fl(Ta), a = 1 n; ~a= . (2.9)

~oa ~aa

Theintegrabilityconditionsofthe Frenet—Serretequationsfor the embeddingin
CP~lanalogousto eqs. (2. 7,)J coincidewith the Toda equationsassociatedwith
A~:

+ exp (~K11~1) = 0. (2.10)

K is the Cartanmatrix associatedwith A~.The functions‘ra relevantfor CP~are

similar to the ~a of eq. (2.5) exceptthat they include the derivativesof zeroth
order.

In conclusion: The A~Toda dynamicsdescribesthe extrinsic geometryof
W-surfaces.

2.2. SOME BASIC FACTS ABOUT A~TODA THEORIES

Its generalsolution is jf the form

ytk

= ~ ~ ,~—(!)i~ ~ ~(I)/k , (2.11)
I.. . ...

1)i~ 7(k l)’k x (k l)i~ (k l)’k

wherek runs from I to n. It is expressedin terms of n functions ~ ...,

of z andn functions~ ~ ‘~of ~. Upper indicesbetweenparenthesesde-
note derivatives.Thesen functions ~k (,~k) are restrictedto be solution of
the samedifferential equation~ — ~ Lr,~~ix(I)k = U (~(n+1)k

= 0). The set of potentials{U1,l = 2 n + l} and
{T11,l = 2 n + l}, eachgeneratea realization of the A,~W-algebraby
Poissonbrackets.Theseare non-lineargeneralizationsof the Virasoro algebra

(conformaltransformations).TheTodadynamicsis non-chiral,andthis is why
the W-algebraappearstwice (for the holomorphicand anti-holomorphiccom-
ponents).
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It follows that from the abovegeometricalderivation of the Todaequations,
we may discussthe geometricalmeaningof the W-transformations.

2.3. CONNECTION WITH THE WZNW MODELS

It is known, in general, that there is one W-algebra associatedwith eachsim-
ple~’ Lie algebra g. This appearsin severalways. First, as we havealready
seen,thereis aTodatheory, and,hence,two PB realizationsof the associated
W-algebrafor any given ç. Onthe otherhand,considerthe affineLie algebrag
associatedwith ~. The associatednon-chiral theory is theWZNW model whose
quantumsolutionsaregivenby representationsof ç. It is possibleto derivethe
Todatheoryfrom the WZNW modelby conformalreduction[8]. Herewe have

the

Theorem2. Gaussdecompositionfrom movingframe. The moving-frameequa-
tions maybe written as

ea = ~Cab(Z,~) ~f~(z), wjthCaa = 1, (2.12)

= ~Aba(Z,~) \~J(b)(~) with Aaa = 1. (2.13)

Thematrix 0 = g~is suchthat

(i) It has the Gaussdecomposition

0 = ABC, (2.14)

whereA andC, which appearin eqs.(2.12)and(2.13)aretriangular withdiagonal
elementsequalto one, and

B = exp

whereh arethe Cartan generators.
(ii) It is a solution ofthe conformallyreducedWZNWmodelassociatedwith

A
0.

3. Geometry of Toda hierarchy

The Todaequationsare a subsystemof the Todahierarchy [6]. (This is the
non-chiral version of the fact that the Virasoro algebra is identical with the

~ The non-simpleLie algebrasaretrivially reducedto the simplecaseby separatingthe invariant

subalgebras.
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secondPoissonbracketof KdV, and that W-algebrasare obtainedfrom KP
hierarchiesand Gelfand—Dickibrackets).Introducethe additional variablesas

coordinatesin our geometricalembeddingproblem.This is bestdoneusingthe
free-fermionformalism.Let

=

= ôn,m ( n,m = 0, 1, ...), (3.1)
= 0, (0~yi,~= 0, Vn~ (3.2)

We usethe semi-infinite indices n = 0, 1, 2,.. . , oc for the fermion operators.
Thevacuumstates0) and (01 correspondto the no-particlestates.The n-particle
groundstateis createdfrom them in the standardway:

In) = Y’~—1W0--2~Y’0IO)’(nl = (OI~o~i~’n~i. (3.3)

The currentoperators,
00 00

.10 = ~ T~= ~ (3.4)

will betakenasHamiltoniansasonedoesfor theKP hierarchy.Theroleof these
fermionsmaybeunderstoodasfollows. Takethe casewherez is acomplexvari-
able.Thentheembeddingfunctionsf-”~areanalytic,andeachof them is entirely
determinedby its Taylor expansionarounda singlepoint of its analyticity do-
main. Its behaviourat any otherpointof its Riemannsurfaceis fixedby analytic
continuation.The following free-fermionformalism realizesthis continuation
automatically.Considerthe Taylor expansionsat thepoint z:

fA(z + x) = ~f(s)A(z)~ jA(~ + ~) = ~7(s)A(~)x (3.5)

To theseexpansionswe associatethe free-fermionoperators
00 00

YJfA(z) = ~f(S)A(z) yi~, = ~j(s)A(~) ~ (3.6)

The basicpropertyoftheseoperatorsis

Proposition1.Fermionic representationofchiralfunctions.
(i) AnychangeoftheTaylor-expansionpointz, ~ can beabsorbedby theaction

oftheHamiltoniansJ1 andJ~.In particular, onehas

J1z + — + —us ~

l/JfA(z) = e ~IfA(o)e , ~/fA~) — e I//f A(O)e .
(ii) Theembeddingfunctionsarerepresentedby thefermionexpectationvalues

fA(z) = (OI~fA(zO)eu1~20)Il), 7A(~) = (heft zo)w 0). (3.8)
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Definition 3.KP-parametrizationofCP0. Givena chiral surfaceembeddedinto
CP0, theassociatedKP-parametersof the targetspaceare n + 1 variables~

= z, ~ ., ~ noted[z], andn + 1 variables~~°~,-~-(I) = ~, ~(2),

~(n) noted [~]. The changeof coordinatesfrom XA, XA to [z], [~] is defined

by
XA = fA([z]) ~A = 7A([.~]) (3.9)

wherefA([z]), and7~([~’]),are the solutionsof the equations

ou)f([ZI) = ±f~4([z]) f([z]) = ~77A([~]), (3.10)

with the initial conditionsfA([z]) = fA(z) for ~ ~ = 0, and
= 7~ç~)for~°~,~(2),~ ~~,-~(n) = 0.

Thesecoordinatescoincidewith thehighervariablesofthe KPhierarchy.Indeed,
their definition is mostnaturalin the free-fermion language,whereit is easyto
seethat

fA([z]) = (0IWfAexP(~Jsz~)Il)~

= (lIexP(>Ji1~)Y/~I0). (3.11)

Thedependenceon [z] and [~] is dictatedby the actionof the highercurrents
J, J, definedby eq. (3.4), that is, J

1z —i ~ J~ —i ~7~Ji~’~°in
eq. (3.8).Thebasicvirtue of the KP coordinatesis thattheyallow usto extend
the previousdiscussionaway from the W-surface (they parametrizeat least a
neighborhoodof it) in sucha way that is becomescovariant.In particular,the
metric g hasthe following extension:

g~([z], [f]) = ~a~fA([zI)~~fA([zl) Ot

(3.12)
Now, only first orderderivativesappear.Thisexpressioncoincideswith the true
Riemannianmetric with respectto the KP coordinates.

3.1. W-TRANSFORMATIONS

A generalinfinitesimalW-transformationis achangeof embeddingfunctions
which takesthe form

owfA(z) = ~w~(z)0
0~f’~(z), ôw7~(~)=

(3.13)
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It is notdifficult to showthereexistsauniqueextensionsuchthat thedifferential
equation(3.10) is left invariant. It is of the form

owfA([z]) =

= ~Wr([~1)3rfA([~~]) (3.14)

where WT and wr are functionalsof w’ andliii, respectively.Only first order
derivativesappear.ThustheW-transformationsbecomeextendedas reparamet-
rizations,

= W’~([z]), ô~(r) Wr([~]) (3.15)
They becomeparticular diffeomorphismsof CP0. Thus they are extendedas
linear transformations.

3.2. DYNAMICAL EQUATIONS

The followingstopicsarediscussedin ref. [2].
Theabovefunctionsr~whenextendedbecometau-functionsin the senseof

Miwa—Jimbo—Sato[6].
The KP coordinatesarerelatedwith ageneralizedmovingframe,whoseinte-

grability conditionis equivalentto the the well-known Zakharov—Shabatcondi-

tion of the A
0 Todahierarchy.

The extensionof the associatedWZNW model givessolutionsof a 2n dimen-
sionalgeneralizationof the WZNW equationswherethe currentsarereplaced
by the Christoffel symbolsof the KP coordinates.

4. Singularpoints,global structure

At this point, it is useful to changethe viewpoint, andmakeuseof Grassman-
nians.Thispart drawsmuch inspiration from ref. [9]

4.1. ASSOCIATED MAPPINGS

Definition 4.Associatedmappings. Considerthefamily of osculatinghyperplanes
with contactof order k denoted°k (k = I n) to the original W-surface.
With CP

0 as the targetspace,this family definesanembeddinginto the Grass-
mannianGfl+l,k+J, which we call the kth associatedmappingsto the original
W-surface.

This formulation looks different, but is equivalentto the constructionof the
moving frameandonly usesthe intrinsic geometriesof the inducedmetricsfor
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k = l,...,n. In practice,what this meansis that, insteadof forming moving-
frame vectorsek out of f,.. , ~ ~ ( k = 1, . . . , n), we considerthe nested

osculatingplanes01 c O~c c 0~.It is obviousthat thosetwo havethesame
information.It is well knownthat the GrassmanniansareKähler manifolds.The
inducedmetric on the kth associatedsurfacein Gfl+l,k+I is simply

= 0ThnTk+l(z,~), g~9 = g4~) = 0, (4.1)

sothat theTodafield t’/~tk+ — lfl(tk+ i) appearsnaturally. Thus—-/k+ i is equal
to the Kählerpotentialof the kth associatedsurface.At thispoint, it is veryclear
thatby consideringthe associatedsurfaces,we canrestrict ourselvesto intrinsic
geometries.In the discussionof section 2, the Toda equationcame from the
Gauss—Codazziequation.Here,it is equivalentto the local Pluckerformula

R~\/~ = _gYYW + 2g~— g(k~~l) (4.2)

whereR~is the only non-vanishingcomponentof theintrinsic Riemanntensor
on the kth surface.

4.2. THE INSTANTON NUMBERS OF A W-SURFACE

A key point in the coming discussionis the useof topologicalquantitiesthat

areinstantonnumbers.W-surfacesareinstantonsof the associatednon-lineara-
model.The generalsituationis as follows. W-surfacesarecharacterizedby their

chiralparametrizationswhich thussatisfy theCauchy—Riemannrelations.These
areself-dualityequationsso that thecoordinatesof a W-surfacedefinefields that
aresolutionsof the associatednon-lineara-model,with an action equalto the
topologicalinstantonnumber.Fora generalKählermanifoldM with coordinates
~ and~~, andmetric h~—,the actionassociatedwith 2D manifoldsof M with

equations~~= ~‘~(z, ~), andy = ~ ~) is

S = ~ /d2xh~0ço~0j~. (4.3)

In this short digressionwe let z = x
1 + ix2, and0~= 0/0x1. The instanton

numberis definedby

Q = ~fd2x~jk h~0~0k~. (4.4)

For W-surfacesand their associatedsurfaces,O~’~= = 0, andone has
S = 7rQ. Q is proportionalto the integralof the determinantof the induced
metric, that is,

Q = ~~~fd2x3Olnri.

Moreoverwe may also apply formula eq. (4.4) to the kth associatedsurface.
This gives
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Definition 5.Higher inslantonnumbersofthe W-sut:face.Thekth instantonnum-

berof the W-surfaceQk + is definedby

Qk+l ~—fdzd~g~~ k = I n—I. (4.5)

Its topologicalnatureis obviousfrom eq. (4.1), which showsthat the integrand
is indeeda total derivative. The collection of the kth instantonnumbersto-
getherwith the original one Q Q~gives a set of topological quantitieswhich

characterizethe global propertiesof the original W-surface.

4.3. GLOBALCLASSIFICATION OF W-SURFACES

In the main section 2, we haveconstructedthe moving framesat the point
wherethe tau-functionsare regular.Whenthosefunctionsbecomeirregular,we

meet an obstructionto deriving the moving frames.In the WZNW language,
this signalsthat thereappearsa global obstructionto the Gaussdecomposition.
Todaequationsshouldbe modified at thesepoints. In the following, we study

the structureof suchsingularities.

4.4. GAUSS-BONNETTHEOREM FOR W-SURFACES

Forisolated *2 , the obstructionto constructingthe movingframe

may be reducedto the vanishingof certaintermsin the Taylorexpansion.The
latter is characterizedby the ramification indices13k which are integers.Apply
theGauss—Bonnettheoremfor eachof the kth associatedsurfacesby computing

f~,R~I(gY9) l/2~The integral is first computedover X(, where small neigh-
borhoodsof singularitiesare removed.The ramification indicesat a singularity
weredefinedso that at a singularpoint the inducedmetric of the kth associated

surfacebehavesas

g~-~ (z — zo)1~20)(

0)flk(ZO), (4.6)
where is regular at z0, ~ Since we do not assumethat f(z) = 7(s),
.Iik(zo) and/.ik(Yo) may be different. By letting � —* 0, onesees,that the contri-
bution of the singularitiesto the Gauss—Bonnetformula is proportionalto the
kth ramificationindex

flk~2 ~ (flkzo+flkzo). (4.7)
(zo,5o)EE

~2 If there is a cut with a finite number of sheet, one takes the appropriate covering.
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The contribution of the regularpart doesnot dependupon k, since changing

k thereis equivalentto usinga different complexstructure,while the result is
equalto theEulercharacteristicthatdoesnot dependuponit. TheGauss—Bonnet
theoremfor the kth associatedsurfacefinally gives

(4.8)

Combining theselastrelationswith eqs. (4.2), onearrivesat

Theorem 3. GlobalPlOckerformulae. Thegenusg ofa W-surfaceis relatedto its
instan ton numbers and ramification indices by the relations

2— 2g + 13k = 2Qk — Qk+i — Qk—i, k = l,...,n, (4.9)

Q
0+i 0, Q0EO.

4.5. SIMPLE EXAMPLE

Considerthe caseof Liouville theory,for which onehasn = 1. The simplest
chiral surfacecorrespondsto

f°=l, ~ =z; 701 fi =~

= 1 + z~, 12 = I.

The instantonnumberis thus
i f dzd~

Q=~j (l+z~)2~

On the otherhand,onehas

2
= —0ôln(g~5)= ~

‘~1 + ~

so that

~ = 2Q = 2,

andoneverifiesthat the aboveformulaeindeedhold with vanishinggenusand
ramification index. In this example,the Liouville solution coincideswith the
metric of the Lobachevskihalf-plane.Upon quantization,it correspondsto the

SL(2,C) invariant vacuumof the Liouville theory.
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